In this paper we deal with a cubic near-Hamiltonian system whose unperturbed system is a simple cubic Hamiltonian system having a nilpotent center. We prove that the system can have 5 limit cycles by using bifurcation theory.
Introduction
In the International Congress of Mathematics held in Paris in 1900, Hilbert made a list of 23 problems. The second part of Hilbert's 16th problem is still an open and difficult question: to find a upper bound of the number of limit cycles and their relative locations in polynomial vector fields of order n.
If the singular point of the system is a non-saddle, nor nilpotent, the related Hopf bifurcations are elementary, see [1] [2] [3] and their references. Hopf bifurcations from the elementary focus type of singularities have found broad and important applications in biology, chemistry and physics and engineering, see [4] [5] [6] [7] for examples. Yet for the bifurcation of limit cycles from a non-elementary center in a more general planar vector field, its intrinsic dynamics is still far away from understanding due to the complexity and technical difficulties in dealing with such bifurcations.
Then it was natural to restrict the study of the nilpotent center by assuming the system is a perturbation of a Hamiltonian system. Consider the following system
, , , , 
which is Hamiltonian system. Now suppose that the Hamiltonian system (1.2) has a nilpotent center at the origin, namely the function H satisfies the following conditions:
closed curve L h surrounding the origin and L h approaches the origin as h goes to zero;
It follows that the expansion of H at the origin has the form   
The Abelian integral M above is called the first order Melnikov function of system (1.1). From Han [8] , we have a general theorem as follows. .
On the other hand, the intersection points of L h and x-
Then by (2.2) we can write
where
Here .
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where And
